AN EXERCISE ON THE EVALUATION
OF AVERAGE VALUES OF OBSERVABLES

An useful exercise which can be
proposed to students involved in
elementary quantum chemistry is the
calculation of average values of
observables, with the aim to make the
study of the theoretical chemistry less
abstract and students more familiar
with actual calculations of quantum
integrals. Moreover, a suitable choice of
the average values to be cdculated can
help to get more insight in important
concepts of quantum chemistry, like the
Heisenberg uncertainty principle.
It is opportune to propose some
examples where the wavefunction is
simple enough to easily calculate the
average values.
Let us take, as a first example, the
particle in a monodimensional box of
length a, whose real wavefunction is
= (2/a)¥?sin(kx)
withk =nrv/a, n=1,2,3,...[1]
Let us calculate the average values of
X, X%, p, and p 2, that is the integrals :
X W, OxWp | L) 320, X O
[p, = W, CHhd/dx(W ,[]
p2CF W, CHhed?dx2y [
(XC= 1, Ox0 = (2/8)0 xsinF(kxdx.
Making the chéange of variable kx = t,
X (2/ak?) O, tsireuct
The indefinite integral of tsin’t is the
functiont?4 - tsin(2t)/4 - cos(2t)/8 [2],
and remembering that ka = nr,
we obtain X[= (2/ak2)(k2a2)/4 al2.

DeE, [|>(2|I|J D:(2/a)0 xzsmz(kx)dx—
= (2/ak3)00 t2sin?tdt.

Being the integral of t2sin?t the
function t3/6 -(t%4 -1/8)sin(2t) +
-tcos(2t)/4 [2], we obtain

X2F (2/ak®)(k%a/6 - kald) =

= &/3 - U2k? = &(1/3 - U2r?e).

p,0= [, O(-ihd/dxT , 0= (2/a)(-ih)
Osin (kx)kcos(kx)dx=(-2i/a)
(‘)ZE ntcostdt = (-2ila)[sint/2 ] 1= 0.
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This result is to be expected on the
basis of the following considerations.
Since [p [J corresponding to an
average value of a physical observa-
ble, is a real value, the integral
@, Op, [ , 00 must be zero, because of
the presence of the imaginary
constant. Moreover, simple conside-
rations on the symmetry properties
of the integrand lead to the same
result.

p 2CF W, O(-hea?/dx?np | C=

=(- 21‘12/a)0a k2sin?(kx)dx =

=(2h*k/4d) O “Simtdt =

= (2h2k/a)[t/2 sm(2t)/4]

= (2h*k/a)kal2 = (nl'n‘ﬂa)2

It is possible to obtain the same result
for [p 2Ooperating with p? on the
wavefunction and identifying the
eigenvalue with the average value,
being the wavefunction eigenfunction
of this operator.

Alternatively, remembering that in this
case [ 2= 2mE, given the energy of
the particle n?h?/8mat, [p 2= (nhrva)?.

As further exercise, it is possible to
verify that the Heisenberg principle
holds, that is AxAp, > IICI/2, where
Mx = (R0 XD, Ap, = ((p 2+ [p,D)*
and [ICHI= MO i[x,p,JpID =h.
Now,

Ax ={&(1/3 - 1/2n?1e) - &/4} V2 =

= a(l/12 - 1Y2rere)2. Ap, = nhiva
AxAp = ni(1/12 - 1/2n?1e)t2 =
=(W?2)(nre/3 - 2)¥2

to be compared with MICI= i /2.
For n =1, AxAp = (W2)(T8/3 - 2)"?
which is dlightly larger than h/2, in
accord with the Heisenberg principle.
The values of AxAp, increase appro-
ximately linearly with n.

As a second example, we consider the
wavefunctions of the hydrogen atom
and calculate, as above, the values
of X0 X0 p Cand [p 20

Let us consider the 1s wavefunction.

1s = (1m8,%) “exp(-r/a)
the Bohr radius =h 2/m €.
XC= OsX1sCF [[f(1a,°) Y2exp (-r/a) X
(e %) %exp(-r/a )r’drsin6dedd =

= (M) *[Jexp(-2r/a,)(rsind cosp)

r2 drsin6dode.

Since the integral on the ¢ coordina-
telso cosq>d¢ 0, xX= 0.

Also fh this case simple considera-
tions about the symmetry properties
of the integrand lead to a null value
of the integral.

X2k s[x?1sCE

=[[f(a,%) *exp(-r/a)x*(1g,%)
exp(-r/a,)r’drsinBdBd¢ =

= (ma®)YJf exp(- 2r/aD)(r5| nBcosp)? r?
drsin8déd¢ =(8,?) 1(O exp( 2rla)rt

dr 00 sin*0de o?"coszq)dq)).
0

where g, is

We have to solve separately the
three integrals on the
coordinates r, 8 and ¢.

0"sin®9d = [-cosA(sin?0 + 203, =

=3, [3]
0%Cospdd = [¢/2 + (sin29)/4] =
=n [3]

Making the change of variable 2r/g, = t,
0 exp( 2r/a0)r4dr =

= (a0/2)50 exp(- t)t“dt o) exp( t)tdt=
=[-exp(-t)t], 4 40 exp( t)tsdt =

= 4([-exp(- t)t3]0 + 30 exp( t)t2dt) =

=12([-exp(- t)tz]0 + 20 exp( ttdt) =
= 24[-exp(-1)], =24.

Findly, (= (TI303)‘1(3U/2)5 24 (43m=a 2
[p, = (m,°) *flfexp(-r/a,)(-iha/ox)
exp(-r/a,)r’drsinBdBd¢ =

= (-ih)(may) J[fexp(-r/a,)(0/0x)
(exp(-(x2+ y*+z3)¥?a ))r*drsinBded¢ =
=(-iM(rey’) f[fexp(-r/a)(-exp(-(x*+ y*+
+2)71))(Ua) (V20 + y2 + 222
redrsin@dedd = (-ih)(ma,*)*fffexp(-2r/
a)(1/r)rsinBcosp rdrsinBdBdo.
Since the integral on the ¢ coordina-
teis O, cospde = 0, (p, 7= 0,

Also in this case simple considera-

tions about the symmetry properties
of the integrand give the result above.

p,20= (1) (1) fTexp(-r/ay) (0%
dx2?)(exp(-(x2+y2+z2)1?/
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q,))r’drsinded¢ =
=(-m°)(me?) f[Jexp(-r/a,)(0/0x)(-exp(-r/
) (x/ra,))rdrsinBdedd =
=He(ma,’)ffJexp(-r/a){ (-exp(-r/a))(1/
a)(x/r)(x/r) + exp(-ria)(r - x2/r)/
r}redrsinBdd¢ =H(ta,*)*[fexp(-2r/
a)(-x¥ay? + 1r - x2/r3)r2dr31 nBdod¢ =
—hz(nao“) (- 1/a0)0 exp(-2r/a)radr
O sm3ed60 cosz¢d¢ +
+ O exp( 2r/an)rdr0 smedGO d¢ +
0 exp( 2r/a0)rdr

0 sm36de o "costpdd} .

As shown above in the case of the
calculanon of X[}
Oexp( 2r/a )rdr = (a0/2)30 exp( t)t2dt=
= 2(30/2)3 =a 4.

0 exp( 2r/a0)rdr = (/2%
O sm36d6 = 4/3. O cosz¢d¢ = T

Moreover Od¢ 2Trand0 smede 2.
Finally, we obtain

p,O0=h*(Ta,") { (-Va))(a ¥4)(4U3) +
+(aH4)4n- (a2/4)(4U3)} =

= (a/)(-a/3 + a? - a3) = h*/3a2.
As in the previous example, the

Heisenberg principle can be easily
verified.

AxAp, = (a,2h?%3a2)¥? = h/V3 to be
compared with [MCMI/2 = /h/2; since
V3 issmaller than 2, it is verified that
AxAp, > [ICII/2.

Analogous results can be obtained
for the other wavefunctions of the
hydrogen atom, keeping in mind that,
when functions with quantum number
I>0 are considered, different values
for x, y and z coordinates can be
obtained. The results for the 1s, 2s,
2p, 3s, 3p and 3d, functions are
reported in the Table below.

The [Z20X2Oratio, r, depends on the
quantum numbers | and Om[,
irrespective of the value of the
principal quantic number (r=1for | =
0; r=3forl=1landm=0; r=21/2for
I =1, OmO=1;r=11/5for =2, m=0).
This derives from the fact that the
presence of the functions x, y or zin
the quantum integrals affects only
the result on the angular part. The
sameratio holdsfor the [p 2[I[p *term.
Finally, afurther exercise can be made
on the calculation of the average
values of potential and kinetic
energies for the hydrogen wavefun-
ctions so as to verify the virial
theorem.

In the case of the 1s wavefunction,
IV = Oslre?/r01sF - (1, %) Yffexp
(-2r/a )(e?lr)redrsinBded¢ =

= (- e2/TIaD3)Oexp( 2r/an)rdr0 "sin0do
0do.
Since the integral on the radial part is
(a/2)*, as we have already seen, and
the integral on the angular part is 4,
W= (-&ma’)(a/2)4mn = -ea,.
T (b, 20+ [p,2Ch [p,20)/2m = 3(p, 20
/2m = 3h%/6g,2m = €423, .
Henceit isverified that [T= - V2.
The extension to the other
wavefunctions is straightforward.
From the table above, one obtains the
value of [Tand, considering that
E=-e//(2n°g), itisimmediateto verify
that E = - [T[] as stated from the virial
theorem.
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Thevaluesarein unitsa? for k2[]W/a? for [ °Cland W2 for AKAp, (k=x,y,z).
Inall cases, k(= [p,[= 0.

RWEYD 20 p2EPO0 B0 AAp=AyAp,  AZAp,
1s 1 13 U3  2W3=115 213
2s 14 1/12 V12 (14/3)"*=2.16 (14/3)v
2p, 6 1/20 3/20  (6/5)*2=1.10 3(6/5)2
2p,, 12 1/10 120 4(3/10)"2=2.19 (6/5)2
3 69 69 1/27 127 (2/3)23"2=320  (2/3)23%2
3p, 36 108 1/45 1/15 4N5 =1.79 1215
3, 72 36 2/45 1/45 815 = 3.58 a5
ad, 30 66 5189  11/189 (10/3)(27)¥2=1.78 (22/3)(2/7)*?
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